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Objectives 


The general aim of this unit is to introduce two important types of 
relation: the equivalence relation and the order relation. After working 
through this unit you should be able to: 


(i) distinguish between a relation, a function, a mapping and an opera- 
tion; 
(ii) determine whether a given relation has the reflexive, symmetric, 
anti-symmetric or transitive properties; 
(iii) determine whether a relation with given properties is an equivalence 
relation or an order relation; 
(iv) determine the equivalence classes of a given equivalence relation 
and construct the natural mapping; 
_(v) determine whether a given operation on a set is compatible with 
the natural mapping; 
(vi) given a set S with an order relation defined on it, give examples of 
upper and lower bounds for a given subset of S, and determine the 
greatest lower bound and the least upper bound, if these exist. 


Note 


Before working through this correspondence text, make sure you have 
read the general introduction to the mathematics course in the Study 
Guide, as this explains the philosophy underlying the whole course. You 
should also be familiar with the section which explains how a text is 
constructed and the meanings attached to the stars and other symbols in 
the margin, as this will help you to find your way through the text. 
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Glossary 


Terms which are defined in this glossary are printed in CAPITALS. 


ANTI-SYMMETRIC 
RELATION 


COMPATIBLE 


EQUIVALENCE CLASS 


EQUIVALENCE 
RELATION 


GREATEST LOWER 
BOUND (g.l.b.) 


HASSE DIAGRAM 


LATTICE 


LEAST UPPER 
BOUND (l.u.b.) 


LOWER BOUND 


NATURAL 
EQUIVALENCE 
RELATION 


NATURAL MAPPING 


ORDERED SET 
ORDER RELATION 
PARTIAL ORDERING 


RELATION 


PARTITION 


QUOTIENT SET 


vi 


An ANTI-SYMMETRIC RELATION on a set A is a 
RELATION p having the property: 


ifx p yandy px, then x = y (x, ye A). 


An EQUIVALENCE RELATION p and a binary opera- 
tion ©, both defined on a set A, are COMPATIBLE if 
and only if (x, °y,)p(x2°y2) whenever x, p x2 
andy, P Yo (X15 ¥1,%2,¥2€ A). 


An EQUIVALENCE CLASS of a set A is a subset belong- 
ing to a PARTITION of A by an EQUIVALENCE 
RELATION. 


An EQUIVALENCE RELATION is a RELATION which is 
REFLEXIVE, SYMMETRIC and TRANSITIVE. 


The GREATEST LOWER BOUND (g.1.b.) of a subset S 
of an ORDERED SET P is the LOWER BOUND /,, such 
that 

1,¢Pand/< 1, 


for every lower bound / of S; /, may not exist. 


A HASSE DIAGRAM is a diagram illustrating an 
ORDER RELATION. 


A LATTICE is an ORDERED SET in which a subset 
composed of any two elements has both a LEAST 
UPPER BOUND and a GREATEST LOWER BOUND. 


The LEAST UPPER BOUND (I.u.b.) of a subset S of an 
ORDERED SET P is the UPPER BOUND, us, such that 


u,é Pandu, <u 
for every upper bound w of S; u, may not exist. 


A LOWER BOUND of a subset S of an ORDERED SET P 
is any element /¢ P such that 


1 < a for all elements ae S. 


The NATURAL EQUIVALENCE RELATION on a set A 
is the RELATION defined by: x p y if and only if x 
and y have the same image under a given function. 


The NATURAL MAPPING is the mapping of a set A 
under which elements of A are mapped to their 
respective EQUIVALENCE CLASSES under a given 
EQUIVALENCE RELATION on A. 


An ORDERED SET is a set with an ORDER RELATION 
defined on it. 


See PARTIAL ORDERING RELATION and TOTAL ORDER- 
ING RELATION. 


A PARTIAL ORDERING RELATION is a RELATION which 
is REFLEXIVE, ANTI-SYMMETRIC and TRANSITIVE. 


A PARTITION is a separation of the elements of a set 
into subsets such that each element is in one and 
only one subset. 


The QUOTIENT SET of a set with an EQUIVALENCE 
RELATION defined on it is the set of all EQUIVALENCE 
CLASSES, 
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REFLEXIVE RELATION A REFLEXIVE RELATION on a set 4 is a RELATION p 


RELATION 


SOLUTION SET 


SYMMETRIC 
RELATION 


TOTAL ORDERING 
RELATION 


TRANSITIVE 
RELATION 


UPPER BOUND 


having the property: x p x for each xe A. 


A RELATION consists of two sets 4 and B, together 
with a relationship connecting any element of A 
with any element of B in a prescribed order, which 
either holds or does not hold for any choice of the 
two elements. 


The SOLUTION SET of a given RELATION connecting 
sets A and Bis the set of ordered pairs (x, y)e.A x B 
for which the relationship holds. 


A SYMMETRIC RELATION on a Set A is a RELATION p 
having the property: , 


yp x whenever x p y (x, y€ A). 


A TOTAL ORDERING RELATION On a set A is a‘PARTIAL 
ORDERING RELATION p on A such that: 


for all x, ye A,x # y, either xpyorypx. 


A TRANSITIVE RELATION on a set A is a RELATION p 
having the property: 


x pz whenever x p y and yp z(x, y,z€ A). 


An UPPER BOUND of a subset S of an ORDERED SET P 
is any element we P such that 


au for all elements ae S. 
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Notation 
The symbols are presented in the order in which they appear in the text. 


A&B Aisnota subset of the set B. 

apb a is related to b. 

apb a is not related to b. 

Vv. The universal quantifier (read as “for all x’”), 
The symbol for implication. 

The symbol for conjunction. 

The proposition a. 

The empty set. 

The quotient set (read as “A by p”). 

The natural mapping n: A~—> A/p. 

The equivalence class containing x. 


TRAMP >| 
a°> 


“3 


The derived function of the function f- 

D The differentiation operator. 
= } The symbols of ordering. 
xX 
aa The greatest lower bound. 

fy 
a The least upper bound. 

& 
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19.0 INTRODUCTION 


From a very early age, one implicitly realizes the need for sorting and 
ordering things in various ways. A young child, when playing with a col- 
lection of objects (bricks, rings, counters), will often sort them into heaps, 
perhaps according to colour, or pile them into some sort of pyramid, 
thus ordering them according to size. In later childhood, many children 
collect stamps, sorting them according to their country of origin, and 
sticking them into an album where these countries are ordered alpha- 
betically. 


At school, the way in which one is sorted and ordered according to marks 
gained in examinations becomes very important. You can probably think 
of many situations of this kind. A librarian, for instance, sorts his books 
into classes according to their subject matter, and then orders the books 
within any one class alphabetically according to authors. The classes are 
usually each allocated a decimal number which depends upon the actual 
system of classification adopted, and the classes are then ordered numeri- 
cally and located in the various bookcases according to this numerical 
order. 


Because sorting and ordering are such common everyday phenomena, 
mathematicians ask themselves whether such processes have intrinsic 
features which can be abstracted in order that mathematical models of 
the processes can be made. To discover the answer to this question it is 
first necessary to describe sorting and ordering situations in mathematical 
language. Before doing this, however, let us take a closer look at two of the 
particular examples which we have already mentioned. 


Let us suppose that a young boy named Peter has a collection of different 
coloured cubes of various sizes. He may enjoy himself for a while sorting 
these cubes according to colour, and perhaps will finish up with four 
piles of cubes: 


RED pile YELLOW pile BLUE pile GREEN pile 


Now let us suppose that he is visited by his friend Paul, who promptly 
moves the piles around so that he finishes up with : 


YELLOW pile GREEN pile RED pile BLUE pile 


To a parental onlooker, though perhaps not to Peter, this will appear as 
an equally satisfactory arrangement. 
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Suppose now that Peter had sorted the cubes not according to colour but 
according to size, and finished up with: 


2cm 4cm 6cm 8cm 


Suppose Paul changes the piles to: 


4cm 8cm 2cm 6cm 


Then, if Peter assaults Paul, a parental observer may agree that there is 
some provocation because the final arrangement of the piles is now 
“wrong”, and this is something that Peter can somehow understand even 
if his lack of counting ability and vocabulary make it difficult for him 
to put his objections precisely into words. 


Of course, we can think up examples where a definite order is imposed 
upon colours (in a rainbow or traffic signal, for example), but, in general, 
there is a sense in which “sorting according to colour” is a less exacting 
process than “sorting according to size’ When, therefore, we come to 
make mathematical models of these two types of process, we should expect 
to find a difference in the models. The difference in the processes is high- 
lighted if we suppose that Peter’s cubes are all of different colours and all of 
different sizes. Sorting the bricks according to colour is then a trivial 
process, but ordering them according to size is not. 


Let us now look at a more sophisticated example: the case of the librarian 
classifying books according to subject matter and then arranging them on 
shelves in alphabetical order of authors within each classification. Here, 
there is both a classification and an ordering, one superimposed upon 
the other as it were. To be more specific and yet simple, suppose that our 
librarian simply classifies books into three sections, Fiction, Non-Fiction 
and Reference, and arranges the books within these sections in alpha- 
betical order of authors. A possible arrangement of his bookcases would 
be: 


fiction 


rv 1y.u 


It clearly does not really matter if, in the course of redecoration of the 
library, the bookcases get moved around and finish up as: 


reference 
é. fiction @y 


or even as: 


non-fiction 


But it will certainly matter a great deal if one of the bookcases is knocked 
over and the books are spilled on the floor, and then just put back anyhow, 
regardless of their original positions. 


To put this in a slightly different way, we can say that if the librarian is 
faced with two books from the same section, say Oliver Twist by Charles 
Dickens and Sons and Lovers by D. H. Lawrence, then he will immediately 
know that the former should appear in the fiction cases ‘‘before” the 
latter, But supposing our librarian is faced with Oliver Twist and A 
History of Europe by H. A. L. Fisher, then the question of which should 
come first on the shelves is no longer meaningful, because they do not 
belong to the same section of the library. 


This last case is in contrast to the situation of ordering cubes according 
to their size, where, given any two cubes, we can immediately say either 
that they are of the same size or that one is smaller than the other. 


All these situations have their counterparts in their corresponding 
mathematical models. Sometimes it is necessary for mathematicians to 
assume that, given any two elements of a particular set, we can always 
determine which element comes first according to some prescribed 
ordering. In fact, this assumption is needed to justify a great deal of mathe- 
matics, because there are sets of numbers which have not been proved to 
be ordered. ; 


It is this kind of problem that justifies the need for describing sorting and 
ordering in precise mathematical language. The basic concepts may appear 
simple, but to apply them in abstract mathematical circumstances may 
be very far from simple. When we are in the abstract world of mathe- 
matics, we must be in a position to analyse the situation with mathematical 
rigour if we are to be able to ask meaningful questions and arrive at 
meaningful answers. 


FM 19.0 


There are two other good reasons why we should be interested in mathe- 
matical models of the processes of sorting and ordering. One reason is 
that we classify our knowledge in mathematics and need to use this 
knowledge in a particular order so often that mathematical models of the 
processes act as recurrent unifying threads throughout mathematics. 
(For example, we order geometric theorems.) The second reason is that 
once we have set up models of situations which arise over and over 
again, it is both possible and worth while to give such models a life of their 
own, analysing them and extending them so as to give general results 
which are applicable in many different situations. 


The previous paragraph is very important. This unit on relations intro- 
duces you to some basic concepts in mathématics, which recur in many 
_ branches of the subject. 


Our starting point is once again a set : a collection of well-defined objects. 
The child playing with his bricks may begin the story, but by the end of 
this text we shall have developed the plot so far that you will be hard put 
to it to remember its apparently humble beginnings. (The same thing 
happened in our discussion on differentiation. We started by looking for 
greater clarity in what we mean by the velocity of a car, and then the whole 
subject rapidly developed so that the velocity of a car became only a small 
dot upon a broad mathematical landscape.) 


19.1. RELATIONS 


19.1.0 Introduction 


In section 19.1 we shall begin by looking back to some by now familiar 
concepts which we introduced in Unit 1, Functions and in Unit 3, Opera- 
tions and Morphisms. In both these units an essential ingredient is a well- 
defined collection of objects, which we call a set. The adjective well- 
defined is inserted to emphasize the essential basic requirement that we 
must always specify a set in such a way that, given any object whatsoever, 
we can determine whether or not that object is a member of the set in 
question. 


As the heading to this section (and the title of the unit) indicates, we shall 


be considering relations. In our context the word retains much of its usual’ 


meaning, but we have, as always, to give it precision. When we say that 
two people are related, this is very imprecise. Some people may stop at 
cousins when considering relations ; others may include a brother-in-law’s 
aunt. So we shall start by looking at one or two mathematical examples 
and then proceed to definitions. 


Example | 

If a set B is a subset of a set A, then we write 
BCA, 

and if it is not a subset, then we write 
BEA. 


We can think of the subset property as defining a relation between sets: 
that is, we say that B is related to A if B & A. Thus, for the set of positive 
integers, Z*, and the set of integers, Z, we can say 


Z* eZ, 

that is, Z* is related to Z, but 
ZEz*, 

that is, Z is not related to Z* 


Here we are dealing with a particular relation, which we may put into 
words as “is a subset of” (cf. “is a brother of”). However, such a phrase 
on its own is not sufficient to specify a relation, because we need also to 
state the set or sets whose elements are being compared. For example, 
starting with a specified person, Fred Jones, the relationship “‘is the father 
of” might give completely different answers if it were defined on the set 
of all people to those obtained if it were defined on the set of all males. 


Example 2 


In Unit 3 we defined an operation, and in particular, a binary operation 
onaset. You will recall that a binary operation combines any two elements 
of a given set so as to produce another element. For example, the binary 
operation of multiplication on Z gives us 


7x3=21. 


We shall say that the integer 21 is related to the ordered pair of integers 
(7,3) by a relation which we may put into words as “is the product of” 
Notice again that we must specify the sets from which we are comparing 
elements, in this case the set Z and the set Z x Z (the Cartesian product of 
Z with itself). [| 
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Introduction 


Example 1 


Example 2 


Example 3 


In Unit J we defined a mapping, and in this case we could say that an 
element of the codomuin is related to an element of which it is an image 
by a relation which we can put into words as “‘is an image of” (under the 
appropriate mapping). Again, for the relation to be properly defined we 
must know the sets whose elements are being compared ; these could be 
the codomain and domain. a 


We have looked at these three examples because we want to highlight that 
a relation is something very general indeed, and because of this generality, 
relations play an important role in mathematics. In this section we begin 
by discussing what mathematicians mean by a relation, and then we go 
on to look at certain properties which some relations have and others do 
not, in order to be able to distinguish between different kinds of relation. 


19.1.1 Definition of a Relation 


Before formally defining a relation we shall consider one further example. 


Example I 


Consider the following two sets of names of men and of women respec- 
tively : 


A = {Jim, Fred, Tom, Arthur}, 
B = {Mary, Anne, Sarah, Karen, Jane}. 


We can compare elements from these sets by, for example, considering 
which (if any) of the men are married to one of the women. If we start with 
a member of set A and compare this member with the members of set B 
under the relationship which we may express in words as “‘is the husband 
of”, we can make a list of statements, such as this: 


Jim is not the husband of Mary, 
Jim is the husband of Anne, 
Jim is not the husband of Sarah, 


We can then consider Fred’s relationship with the women and obtain: 


Fred is not the husband of Mary, 
Fred is not the husband of Anne, 


We shall perhaps find that Fred is not the husband of any of the women 
named in set B. We can continue the list until we have exhausted all the 
possibilities. We shall obtain two sets of ordered pairs; one of pairs for 
which the given relationship holds, and one of pairs for which the relation- 
ship does not hold. 


We could, for example, obtain a set of married couples: 
{Jim, Anne), (Tom, Mary), (Arthur, Jane)}, 
and a set of unmarried pairs: 


{(Jim, Mary), (Jim, Sarah), (Jim, Karen), 
(Jim, Jane), (Fred, Mary),..., (Arthur, Karen)}. 


At a first glance, it may appear that in our example all we are doing is 
describing some particular kind of mapping. In fact a relation is more 
general than a mapping. | 
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Example 1 


Exercise | 
Why does the set of ordered pairs 
{(Jim, Anne), (Tom, Mary), (Arthur, Jane)! 
not define a mapping with domain the set A and codomain the sect B? 


We see that a mapping can be expressed as a relation, but a relation is not 
necessarily a mapping. 


Returning to Example 1, we made the point that we ended up with two 
sets of ordered pairs. It is important to notice that the union of these two 
sets exhausts all the possible pairs. that is to say, it is equal to the Cartesian 
product, A x B. You should also notice that their intersection set is the 
empty set. This is not just an accident due to the particular example we 
have chosen, as we shall see later. 


Next we look at a more abstract example. 


Example 2 


Consider the diagram: 


We can again compile two sets of ordered pairs by considering which 
letters are linked to which numbers. The relationship can be expressed in 
words as “is linked by a line to”, but we shall adopt a more general 
notation and write 


apl 
to show that a is related to 1, and 
ap3 


to show that a is not related to 3 (just as we write x € A if element x is a 
member of set A, and x¢ A if x is not a member of A). 


We use the Greek letter p (rho) instead of the more natural R, because we 
are already using R for the set of real numbers. We shall refer to the 
relation p. 


We see from the diagram that 
apl 
ap2 
ap3 
bp 1, ete. 
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Exercise 1 
(2 minutes) 


Discussion 


Example 2 


Notation 1 


(continued on page 8) 


Solution 1 


The set of ordered pairs does not define a mapping because there is no 
“image™ of Fred. The definition of a mapping requires that each element 
of the domain be mapped to an image in the codomain. a 


(continued from page 7) 


Our two sets of ordered pairs are: 
{(a, 1), (a, 2), (b, 1), (b, 3), (ds, 1), (4, 2), (4, 3), (e, 2)}, 
the set for which p holds, and 
{(a, 3), (b, 2), (es 1), (¢, 2), (6, 3), (@ 1), (@, 3}, 
the set for which p does not hold. 


You should notice that the union of these two sets is equal to the Cartesian 
product 


{a, b,c, d,e} x {1, 2, 3}, 
and that the intersection of the two sets is the empty set. | 


The set of ordered pairs for which some given relationship holds is called 
the solution set of the relation concerned. (We have met the idea of a 
solution set before, in Unit 6, Inequalities.) Thus, in Example 1, the 
solution set is 


{(Jim, Anne), (Tom, Mary), (Arthur, Jane)}, 
and in Example 2 the solution set is 
{(@, 1), (a, 2), (6 1), (, 3), (4, 1), (4, 2), (4, 3), (@ 2)}- 


Notice that we have been careful to refer to “is the husband of” and “‘is 
linked by a line to” as relationships and not relations. This is because we 
want to emphasize that a relation is not defined unless we are given the 
set or sets concerned, just as a function is not defined just by the rule for 
obtaining the images, for we also need to know the domain and a co- 
domain. 


If we consider the two examples above carefully, we see that we have what 
we might call a “chicken and egg” situation, a situation which often arises 
in mathematics. 


We have two possible ways of approaching the definition of a relation. 


(i) We may define a relation by specifying the set of ordered pairs for 
which the relationship concerned holds (i.e. the solution set), together 
with the set for which it does not hold. 

(ii) Alternatively, we may define a relation by specifying two sets (which 
may be equal), together with a statement in words or symbols of the 
relationship by which we compare elements of one set with elements 
of the other. 


Whichever method we choose, the other defines the same relation. There 
is a third, hybrid possibility. We can specify two sets, together with a 
subset of their Cartesian product such that this subset is the solution set 
of the relation. 


Solution 1 


Definition 1 


Discussion 


Example 3 

A relation from set A to set B is defined by 
A = B= {2,3,4,8}, 

together with a relationship: 


apb if and only if a is a multiple of b, i.e. there is an integer n, 
n#l,suchthata=nxb (aeA,beB). a 


Example 4 


A relation is defined by the solution set: 


{(Shakespeare, Hamlet), (Shakespeare, Othello), (Shaw, St. Joan), . 


(Shaw, The Apple Cart), 
together with the set: 


{(Shakespeare, St. Joan), (Shakespeare, The Apple Cart), (Shaw, 
Hamlet), (Shaw, Othello), (Rattigan, Hamlet), (Rattigan, Othello), 
(Rattigan, Si. Joan), (Rattigan, The Apple Cart)}. | 


Exercise 2 


(i) Define the relation of Example 3 in terms of sets of ordered pairs. 
(ii) Define the relation of Example 4 in terms of sets and a relationship p 
in words. a 


Of course, it is not always practicable to list all the elements of the sets of 
a relation, nor to list all the ordered pairs of the solution set. But which- 
ever definition of a relation we adopt, we must make clear both the 
relationship and also the set or sets to which it applies. We now give two 
possible equivalent definitions of a relation. 


Given two sets A and B (which may be equal), any subset* of A x B 
defines a relation from A to B. If (a,b) belongs to this subset, then a is 
related to b, If (a, 6) is an element of A x B and does not belong to this 
subset, then a is not related to b. 

(*The subset may be empty.) 


A relation is defined by two sets (which may be equal), together with a 
statement which is either true or false when it is used to link any member of 
one set with any member of the other set in a prescribed order. 


(The words prescribed order are necessary, because the statement may be, 
for example, “‘a is taller than b”’; it is clearly important that a is always 
drawn from one set and b from the other.) 


We may ask ourselves which of the two definitions is to be preferred. The 
answer is that it depends on the particular way in which our information 
presents itself. It is useful to have the two alternative definitions at our 
disposal. 


Example 5 


It is sometimes useful to represent the solution set of a relation diagram- 
matically. In Unit 6, Inequalities we looked at expressions of the type: 


x+y? 21 (xe R, ye R). 


This expression can be considered as defining a relation. In the sense of 
Definition 2a we can take A = R, B = R, and the subset of R x Ras 


{(x, yx? + y? B 1, xe R, ye R}. 


Example 3 


Example 4 


Exercise 2 
(3 minutes) 


Main Text 


Definition 2a 


Definition 2b 


Example 5 


(continued on page 10) 


Solution 2 


(i) Solution set: 
{(4, 2), (8, 2), (8, 4)}. 
Other set : 
{(2, 2), (2, 3), (2, 4), (2, 8), (3, 2), (3, 3), (3, 4), (3, 8), (4, 3), (4,4), 
(4, 8), (8, 3), (8, 8)}. 


Notice that it is not sufficient simply to specify the solution set, as that set 
gives no indication that 3 is one of the numbers being considered. 
(ii) A = {Shakespeare, Shaw, Rattigan} 

B = (Hamlet, Othello, St. Joan, The Apple Cart} 

apb (ae A, bc B) if ais the author of b. 


Notice again that had we not given the second set in Example 4 we would 
not have known that Rattigan was one of the authors belonging to set A. 


(continued from page 9) 
In the sense of Definition 2b the two sets are both R, and a possible state- 
ment would be 

x? 4+ y? > 1, where xe R and yeR. 


We can represent the relation by the following diagram : 


solution 
set 


The solution set, a subset of R x R, is represented by the set of all points 
on and outside the circle defined by x? + y? = 1. a 


You will probably have noticed that we have defined a relation so far 
solely in terms of the comparison of two elements, Strictly speaking, what 
we have been discussing are binary relations, and there are also such things 
as ternary, ...,n-ary, etc. relations just as there are ternary, ..., n-ary, etc. 
Operations. By means of an n-ary operation (as we have seen in Unit 3) we 
obtain a result from an ordered n-tuple of elements of a set. Thus a closed 
n-ary operation on a set A is a function: 


AxAx+++x A— >A, 
SS 
_nterms 


By an n-ary relation, on the other hand, we accept or reject ordered n- 
tuples of elements which come from n sets (not necessarily all different). 
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Solution 2 


Example 6 


Let A be the set of all candidates for some particular examinations; let B 
be the set { passed, failed, did not sit}; let C be the set of all subjects taken. 
We can now define a ternary relation where the corresponding relationship 
in words is: 


“candidate a passed/failed/did not sit the examination in subject c”. 


If (say) Jones passed in Chemistry but failed in Mathematics, we should 
include in the solution set the ordered triples (Jones, passed, Chemistry) 
and (Jones, failed, Mathematics), but exclude the ordered triples (Jones, 
passed, Mathematics), (Jones, failed, Chemistry), (Jones, did not sit, 
Chemistry), (Jones, did not sit, Mathematics). | 


In the remainder of this text we shall confine our discussions to binary 
relations, and so we shall, in general, drop the adjective binary. We shall 
also concentrate on relations frorn a set A to a set B, where A and B are 


the same set. In these cases, instead of writing about relations from A to B, 


we shall in general discuss relations on 4, 


In the next section, we shall examine some particular types of relation and 
then describe them in abstract terms. In distinguishing between various 
relations we shall bear in mind that we are particularly interested in 
sorting and ordering. 


19.1.2 Types of Relations 


We began this text by considering the problem of sorting elements of 
sets into subsets. We are seeking to abstract the essentials of this process, 
and it is partly to this end that we have introduced the idea of a relation. 
We shall see that some relations do indeed sort elements in this way, 
whilst others do not; that is, different types of relations have different 
properties, 


In order to single out certain properties which hold for some relations 

and not for others, and thus be able to classify relations according to such 

properties, we shall now look at a number of examples. 

Example | 

A relation on the set of integers, Z, expressed by 
xisrelatedtoyifx<y (x,pyeZ). 


The solution set is a subset of Z x Z, and corresponds to the following 
set of points: 


4y 
° ° ° 42 ° 
° ° ° d4 
= 2 2 > 
-3 ~2 A x 


Example 6 


Main Text 


19.1.2 


Discussion 


Example | 


Example 2 
A relation on the set of integers, Z, expressed by 
xisrelatedtoyifx<y (x,yeZ). 


In this case we get the following representation of the solution set: 


a 
) ° ° 2 ° ° 
° ° ° b1 ° 
= ——_—_ > 
-3 “2 Al Le) x 
° ° ° 
° ° 
a 


° 
These two relations have already been discussed in Unit 6, but there is a 
particular difference between them which we pointed out there, and now 
want to highlight. To do this, we consider ordered pairs of integers (x, x). 


Looking at Example 1, we see that pairs such as (x, x) would be rejected 
from the solution set of the relation. In the case of the relation of Example 
2, however, all ordered pairs of the form (x, x) would be accepted. 


Example 3 


Consider the diagram: 


It consists of a number of points, labelled a, b,c and d, which are linked 
by paths, where the direction is indicated for each path. The paths are all, 
as it were, one-way streets. We can define a relation on the set of points 
{a, b,c, d} by the sentence: 


“xis related to yifthere isa direct path from x to y (x, ye {a,b,c,d})”. 


(By a direct path we mean a path which does not pass through any of the 
other labelled points.) 


Let us again see what happens to ordered pairs of the form (x, x). There is 
no direct path from a to a, for example, as once we leave a we must go 
first to either b or d. There is, however, a direct path from b to b. 


Thus the ordered pair (a, a) is rejected from the solution set of the relation, 
whereas the ordered pair (b, b) is accepted. | 


Example 2 


Example 3 


Comparing the three examples, we have first a case where no pair (x, x) is 
accepted, secondly a case where all pairs (x, x) are accepted, and thirdly a 
case where some pairs (x, x) are accepted and some rejected. We can write 
this as follows: 


In Example 1, x p x forno xe Z. 
In Example 2, x p x for all x € Z. 
In Example 3, x p x for some, but not all, x e {a, 5, ¢, d}. 


We now give a name to the property we have been considering, 


A relation on a set A is reflexive if (x, x) belongs to the solution set of the 
relation for every x€ A. 


Alternatively, a relation p on a set A is reflexive if 
Vix px(xe A)*. 


Thus, Example 2 is a reflexive relation, but Examples 1 and 3 are not. 


The term reflexive comes from the ordinary English word reflex, meaning , 


directed back. 


Exercise 1 


State whether or not the following relations are reflexive. For instance, 
in the first case, no person is taller than himself, so x is not related to x 
for any x in the set, and the relation is not reflexive. 
(i) x is related to y if x is taller than y, on the set of Open University 
students. 


(ii) x is related to y if x is the father of y, on the set of all people born in 
Great Britain. 

(iii) x is related to y if x and y are the same height measured to the nearest 
inch, on the set of Open University students. 

(iv) xis related to yifx and y are made by the same motor company, on the 
set of all motor cars registered in Great Britain in 1971. 

(v) x is related to y if x and y are both manufactured by B.L.M.C., on the 
set of all motor cars registered in Great Britain in 1971. 

(vi) x is related to y if x and y have the same derived function, on the set 
of all differentiable functions. | 


Many mathematical situations exhibit symmetry. To look for another 
distinguishing feature between relations we now ask: 


If (x, y) is a member of the solution set, is (y, x) also a member? 


Consider the following example of a relation. 


Example 4 
We can specify a relation on the set of integers, Z, by: 
x is related to y if |x — y] < 4 (x, ye Z). 


(Remember that |x| is the numerical value of the number x, disregarding 
its sign.) 

We see that the answer to the question in this case is Yes, since |x — | 
is equal to |y — x|. The solution set of this relation is shown in red in the 
following diagram. Noticing that (y, x) is the “reflection” of (x, y) in the 
line with equation y = x, we can see that if (x, y) belongs to the set, so does 
(y, x). 


*'V, is the universal quantifier (read as “for all x"), defined in Unit 17. 


Definition 1 


Exercise 1 
(3 minutes) 


Example 4 


(continued on page 14) 
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Solution I Solution 1 


(ii) Not reflexive. No person is his own father. 

(iii) Reflexive. 

(iv) Reflexive. 

(v) Not reflexive. A Ford is not related to itself. 

(vi) Reflexive. a 


(continued from page 13) 


a 
Looking back to the earlier examples, however, we find: i 
(i) in Example 1, where > 7 2 : 
xpyifx<y (x, ye Z), ° ° . ba 
that for no x such that x pyis yp x; 
rr a 
(ii) in Example 2, where " 
° ° ° [ea ° 
xpyifx<y (x, yeZ), 
that if x py, then yp x only ifx = y. oe ee 
a 2 a Cy 


(iii) in Example 3, where 


x py ifthere is a direct path from xtoy (x, ye {a,b,c,d}), IN 
that apd and dpa, but otherwise at most one of (x, y) and (y, x) (9 é ) 


belongs to the solution set. 


We again give a name to the property we have been considering. 


A relation on a set A is symmetric if (y, x) belongs to the solution set 
whenever (x, y) belongs to the solution set (x, y € A). 


Alternatively, a relation on a set A is symmetric if 
whenever x py. then vp x, (x, ye A). 


Thus, of Examples 1-4 above, only Example 4 is a symmetric relation. 
The word symmetric refers to the property that the solution set is unchanged 
if the order of the elements in every pair is changed. 


Exercise 2 


State whether or not the following relations are symmetric. 


(i) Cases (i)-{iv) of Exercise 1 on page 13. 

(ii) x is related to y if there is a 1 in row x and column y of the following 
table, on the set {a,b,c,d,e}. For example, looking along the top: 
row (the “a” row) we have apa,apb,ape,andapc,agpd. 


abcde 


aj1 1001 


bit O 110 
c}O 1001 
d}0 100 0 
ej/1 0101 


(iii) As in (ii) but with the following table: 
abede 
ps ee 


ajl 1111 
b}0 100 0 
¢crl tt 2 
d}0 0010 
e/{l1 111 1 


(iv) x is related to y if the point with co-ordinates (x, y) lies on the circle 
with centre the origin and radius 1, on the set R. 


vy 


v7 [bay)extay2=t} 


Definition 2 


Exercise 2 
(3 minutes) 


(continued on puge 17) 


Solution 2 


(i) (i) No. 
(ii) No. 
(iti) Yes. 
(iv) Yes. 

(ii) Yes. The term symmetric is visually demonstrated in this case by the 
fact that the table is symmetric about the diagonal from the top left- 
hand corner to the bottom right-hand corner. 


(iii) No. The table is not symmetric about the diagonal from top left to 
bottom right, and, for instance, a p b but b pa. 


(iv) Yes. The circle is symmetric about the line with equation y = x. 
Algebraically, ifa p b,thena? + b? = 1. Thisimplies that b? + a? = 1, 
and so bpa. 


Solution 2 


(continued from page 15) 


We now have two properties of relations for which to look ; the reflexive 
and symmetric properties. To consider the next property, we go back to 
Examples 1 and 2, namely the relations 


xpy ifx<y (x, ye Z) 


and 
xpy ifx<y (x,yeZ). 


We have seen that neither of these relations is symmetric. We shall now 
define a property which expresses this in a more positive way. 


A relation on a set A is anti-symmetric if whenever (x, y) and (y, x) both 
belong to the solution set, then x and are the same element. 


Alternatively, a relation on a set A is anti-symmetric if 
xXpyandypx=>x=y (x, ye A), 


You may think at first sight that the relation of Example 1 is not anti- 
symmetric, but in the definition all we are saying is that pairs of the form 
(x,x) may belong to the solution set; they do not have to belong to it. 
Notice the word whenever in the definition; if (x, y) and (y, x) never both 
belong to the solution set, the condition is not violated. 


It may seem to be implied by the terminology that it is impossible to have a 
relation which is both symmetric and anti-symmetric, but in fact it is 
possible. An example of such a relation is the relation on the set {0, 1, 2, 3} 
with solution set 


{(0, 0), (1, 1), (2, 2)}. 


(You should check carefully that the conditions of both Definition 2 and 
Definition 3 are met.) This is why we use the term anti-symmetric rather 
than nor symmetric, because it can be argued that in this special case we 
still have a rather trivial form of symmetry. 


Both the relation of Example 1 and that of Example 2 satisfy the require- 
ments of Definition 3, but the relation of Example 3, illustrated again in 
the following diagram, is neither symmetric nor anti-symmetric. 


For instance, a p b (because there is a direct path from a to b) but b ga, 
and so the relation is not symmetric. On the other hand, apd and dpa, 
and so the rélation is not anti-symmetric either. The following examples 
both illustrate anti-symmetric relations. 
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Discussion 


Example 1 


Example 2 


Definition 3 


Example 5 


Set: the set of points {a, b, c}. 


Relationship: there is a direct path from x toy (x, ye {a,b,c}). [| 


Example 6 
Set: all the football teams in League Division 1 for the 1970-1971 season. 


Relationship: team x is related to team y if x beats y at each meeting during 
the season. 


(This relation is anti-symmetric in much the same way as the “ < relation” 
—there are no elements of the form (x, x) in the solution set.) a 


There is one further property that we wish to consider in this section. In 
Unit 11, Logic I we investigated the following tautology involving proposi- 
tions: 


[(a = b) A (b > c)] > (a +c), 
In Unit 6, Inequalities, we saw that: 
ifa < band b <c, thena <c(a,b,ceé R). 


=> is a relation on a set of propositions, and < is a relation on the set of 
real numbers, and we see here that they both have a similar property. 


In general terms, the property is: 
if a is related to b and b is related to c, then a is related to c. 


A relation on a set A is transitive if (x,z) belongs to the solution set 
whenever (x, y) and (y, z) both belong to the solution set. 


Alternatively, a relation on a set A is transitiveif 

whenever x py and y’p 2, then x pz 
The term transitive refers to the transition from x to z via the element y. 
The proposition 

{(a > b) A (b= c)] = (a>) 
is a tautology precisely because the relation in the set of propositions 
defined by the connective of implication is transitive. Thus, if proposition 
b is implied by proposition a, and proposition c is in its tum implied by 
proposition b, it follows inevitably that proposition ¢ is implied by a. 
For example, if “I jump off the bridge” implies “I fall in the river’, and 


if “I fall in the river” implies “I get wet’’, then ‘‘I jump off the bridge” 
implies ‘‘I get wet’. 


Example 5 


Example 6 


Main Text 


Definition 4 
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The corresponding situation in set algebra is illustrated by the following 
Venn diagram: 


Since A S Band B ¢ C, it follows that A < C. 

We see that the relation defined by the relationship 
x is related to y if x is a subset of y, 

on the set of sets {4, B, C} is transitive. 

On the other hand, the relation defined by the relationship 
x is related to y if x 7 y is not empty, 


on the set of sets {A, B, C}, illustrated in the following diagram, is not 
transitive. 


is 


In this case we have A p B and BpC, but ApC. 
Another example of a transitive relation is the relation 
“is parallel to” 


on the set of all lines in a plane. For if a line L, is related to a line Lj, and 
if L, is related to a line L;, then L, is related to L;. 


Exercise 3 Exercise 3 
. . : F (3 minutes) 
State whether or not the relations in the examples in Exercise 1 on page 


13 are transitive. | 


We are now in a position to classify relations according to the reflexive, Ndvin best 
symmetric, anti-symmetric and transitive properties. We may seem to you er 

to have journeyed some way from the concepts of sorting and ordering 

with which we began this text. In fact, we are now at the point where we 

can return to these concepts, because we can pick out two particular 

kinds of relation which will give-us mathematical models of sorting and 

ordering. (continued on page 20) 


Solution 3 


(i) Yes. If x is taller than y and y is taller than z, then x is taller than z. 
(ii) No. 

(iii) Yes. 

(iv) Yes. 

(v) Yes. 

(vi} Yes. 
At the end of this exercise you should review the reflexive, symmetric, 
anti-symmetric and transitive properties which relations may possess. 
You need to have a clear understanding of them for the subsequent dis- 
cussion. i | 


(continued from page 19) 


A relation on a set A which is reflexive, symmetric and transitive is an 
equivalence relation on A. 


A relation on a set A which is reflexive,* anti-symmetric and transitive 
is an order relation on A. 


As an example of an equivalence relation, consider the set of all Open 
University students, and the relationship 


x lives in the same Open University Region as y. 


This is one of the relations which the administrative section of the Uni- 
versity uses to sort the set of students. In section 19.2 we look closely at 
equivalence relations and see how they give us a mathematical model of the 
Sorting process. 


None of the earlier Examples 1-6 is an equivalence relation (you might 
like to see which of the required properties are lacking). The relations in 
(iii), (iv), and (vi) of Exercise 1 on page 13 are equivalence relations. 


As far as order relations are concerned, the inequality relations are perhaps 
the most familiar examples — they enable us to arrange a set of numbers 
in “order of magnitude”. Of our earlier examples, 1,* 2 and 5 are order 
relations; in each example we have a chain of elements, each element 
related only to all later ones. This is the familiar use of the word order. 
However, you will discover in section 19.3, where we examine order 
relations in more detail, that an order relation is much more general than 
you might think from these examples. 


After the next two exercises we shall consider first sorting (in 19.2) and 
then ordering (in 19.3). 


* It is usual in the mathematical literature to include the reflexive property in the definition 
of an order relation: notice that this means that < on the set of integers is not strictly an 
order relation, although intuitively it orders the set. But if p is an order relation, then we 
can always define an associated “order” relation p,, by 


xpiy ifxpy and x#y. 


Then, for example, if p is <, p, is <, so we are not losing anything by the inclusion of 
the reflexive property in our definition. 
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Solution 3 


Definition 5 


Definition 6 


Exercise 4 Exercise 4 


. ‘ R (5 minutes) 
Show that the following relations are equivalence relations. Suggest how 


the relations can be used to sort the sets into non-overlapping subsets. 
(i) The relationship: x p yifx and y have the same remainder on division 
by 3, on the set 
{1, 2, 3,4, 5, 6, 7, 8}. 


(ii) The relationship: x is related to y if there is a direct path from x to 
y, on the set {a, b, c, d, e}, as shown in the following diagram: 


Gi 0) 


Exercise 5 Exercise 5 
: : : . ; : (5 minutes) 
Classify the following relations as equivalence relations, order relations, or 


neither. 


(i) x is related to y if there is a direct path from x to y on the 
set {1, 2, 3,4, 5}, as shown in the following diagram: 


0 
eles 
Ly 
(mee 


(ii) x is related to y if sin x = sin y on the set of real numbers. 
(iii) x is related to y if there is a 1 in row x and column y of the following 
table, on the set {a, b, c, d}. 


aj! 010 

byj1 1 11 

c/o 0 1 0 

dj1 01 1 
(iv) x is related to y if x is registered for a course for which y is also regis- 
tered, on the set of all Open University students. | 
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Solution 4 


(i) 


(ii) 


x px for all x in the set (reflexive property). 

If x leaves the same remainder as y on division by 3, then y leaves the 
same remainder as x. That is, if x p y, then y p x (symmetric property). 
If x leaves the same remainder as y, and y leaves the same remainder as 
z, then x leaves the same remainder as z. That is, if x p yand y p z, then 
x p 2 (transitive property). 

The relation is reflexive, symmetric and transitive, and it is therefore 
an equivalence relation. 

Each of the three properties can be checked as in (i). 


Wecan sort the sets into non-overlapping subsets by collecting into subsets 
. all the elements which are related to each other. For example, in (i) there 


will 


be one subset consisting of numbers which leave remainder 0, one of 


numbers which leave remainder 1, and one of numbers which leave re- 
mainder 2. 


In (i) the set is sorted into three non-overlapping subsets of related ele- 
ments, {3, 6}, {1, 4, 7}, {2, 5, 8}, and in (ii) the set is sorted into two subsets, 
{a, b}, {c, d, e}, of related elements. | 


Solution 5 


(i) 


(ii) 


(iii) 


(iv) 
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An order relation. The relation is, in fact, >. We can arrange the 
elements in order: 


5,4, 3,2, 1, 


so that each element is related to all the later elements. 

An equivalence relation. It sorts the real numbers into subsets, every 
number in a particular subset having the same sine. For example, the 
subset {0, x, —7, 2x, —2m, ...} consists of all the elements x such that 
sin x = 0. 

An order relation. The elements can be arranged in order: b, d, a,c, 
such that each element is related to all the later elements. Each element 
is related to itself, so the reflexive property is satisfied. Nowhere do 
we get x p yand y p x where x # y, so the anti-symmetric property is 
satisfied. By checking all the possible cases, we can see that the 
transitive property is also satisfied. For instance, b is related to d, 
d is related to a, and b is related to a. 

Neither. For instance, x may be studying Social Science and Maths., 
y Maths. and Science, and z Science and Humanities, and so the 
relation is not transitive. (We are, of course, assuming that students 
registered for these combinations really exist.) a 


Solution 4 


Solution 5 


19.2 EQUIVALENCE RELATIONS 
19.2.0 Introduction 


In the Introduction to this text, we considered the case of the librarian 
classifying books according to subject matter. In practice, there are a 
number of complications in such a sorting process; for example, in 
what way should A History of Chinese Mathematics be classified? This is 
usually taken care of by some system of cross-referencing so that such a 
book appears in the library’s index cards under History, under China, 
and under Mathematics. However, a single copy of the book cannot sit 
on the shelves of the library in three different places at the same time, so a 
decision has to be taken as to its exact location in the bookcases, whatever 
cross-referencing may be done. We shall neglect such complications and 


start by looking at the straightforward sorting process whereby books (of . 


which we assume there are no duplicates) in a library are allocated to a 
main classification which will determine their location in the library. 


First, it is clearly necessary that every book in the library shall be sorted 
into one of the classes ; we cannot have books lying about on the librarian’s 
desk simply because there is no classification which fits them. Equally 
well, we do not want to have odd books lying about of which the librarian 
has no knowledge. Put into mathematical terms, we need to specify our set, 
in this case the set of all books belonging to the library, and our classifica- 
tion system must be such that each and every element of the set can be 
classified. 


But more than this is needed. We have already indicated that we have 
simplified our library situation so that each book is given a main classifica- 
tion which will determine its location in the library, and we have also 
pointed out that any given book can only occupy one place at a time. Put 
into mathematical terms, this means that every element of our set must be 
uniquely classified. In section 19.2.1 we look at the way in which a set 
must be broken down into subsets in order to meet the requirements of the 
sorting process. 


19.2.1 Partitioning a Set 
We begin by formally defining the word partition. 


A partition of a set A is a separation of the elements of 4 into subsets 
such that cach element is in one und only one subset, 
Example | 


Consider the set {a, b,c}. Possible partitions of the set are: 


(i) {a, b,c} 

(ii) {a}, {b,c} 

(iii) {5}, {a, ¢} 

(iv) {c}, {a, 5} 

(v) {a}, {0}, fe} 

In each case, the union of the subsets gives us the original sct, and the 
intersection of the (distinct) subsets is “pty. For example, in the case of 
partition (iv), we have 


{ec} u {a,b} = {a,b,c} 


and 


{c} rm {a,b} = &. a 
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19.2 


19.2.0 


Introduction 


19.2.4 
Main Tent 


Definition I 


Example 1 
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We now want to show how this idea of partitioning is directly linked with 
that of an equivalence relation. 


Given a partition of a set A, we can define a relation on A by: 


x pyif and only if x and y belong to the same subset of the given 
partition of A. 


However we partition any given set A, this relation will necessarily be an 
equivalence relation, as can easily be checked. The transitive property is 
worth noting: if x py and y pz, ie. if x belongs to the same subset as 
y and y belongs to the same subset as z, then we can conclude that x p z, 
i.e. that x belongs to the same subset as z, but only because we have insisted 
that the subsets of a partition do not overlap. If the subsets were allowed to 
overlap, then we could have as part of our partition 


in which x p y and y pz but x pz. 


Let us now look at the problem the other way round and start, not with a 
partition of a set A, but with an equivalence relation p on A. 


We can now define subsets of A by: 
x and y belong to the same subset of A if x p y. 


This statement applies to all the clements of A in turn (because p is 
reflexive and so, at least, x p x), so each element must go into at least one 
subset of A. To show that we have a partition of A, we must show that no 
element of A belongs to more than‘one subset. Let us assume as a hypo- 
thesis the contradiction of the conjecture, that an element y belongs to two 
different subsets B and C, say (see proof by contradiction, section 17.2.4, 
Unit 17, Logic I). Suppose b is any element of B and c is any element of C. 


We have y pb and ypc. 


But p is an equivalence relation, and is therefore reflexive, symmetric and 
transitive. By the symmetric property we have: 


bpy 

and from b p y and y pc we have, by the transitive property, 
bpe, 

and so b and c are related and therefore be C. 

By the symmetric property, 
cpb, 

so ce B. 


We have shown that any element of B belongs to C and any element of C 
belongs to B; it follows that B = C, which contradicts the hypothesis that 
Band C are different. 


So any equivalence relation on a set A partitions the set. 


The subsets of the partition of a set A obtained from a given equivalence Definition 2 
relation on A are called equivalence classes. = 
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By allocating all the elements of a set uniquely to equivalence classes, we 
carry out in mathematical terms the process which in more general situa- 
tions we have referred to as sorting. Thus, the mathematical model of the 
sorting process is the partitioning of a set by an equivalence relation into 
equivalence classes. 


In practice, we frequently do not list all the elements of each equivalence 
class, and so we choose one particular element from each class as its 
representative. Any element belonging to a particular equivalence class 
may be chosen as its representative for the purpose of naming the class; 
for other purposes there may be external conditions which determine just 
how we make the choice. 


Example 2 


Consider the equivalence relation on the set of real numbers expressed in 
decimal form: 


xis related to yifx = y when both are rounded* to four significant 
figures. 


A typical equivalence class would be 
{x:ixeR and 3.1415 <x < 3.1425}, 


Here, it is natural to select the number 3.142 as a representative of the 
whole class, since all the numbers in the class are rounded to this number. 
Knowing the equivalence relation, we can decide whether or not any 
number belongs to the class just by knowing this (or any other) represen- 
tative. | 


As we study more mathematics we shall find that the concept of an equiva- 
lence class and that of an equivalence relation recur frequently. As usual, 
having found a mathematical model of a fairly common (and important) 
procedure, we find that the model gets a life of its own and develops far 
beyond its origins. We shall see a little of this in this unit. It is also inter- 
esting to note that, using the concepts of equivalence relations and equi- 
valence classes, we can examine parts of our mathematical experience and 
deepen our understanding of it. 


Exercise | 


Give the partition of {3, 4, 5,6} determined by the equivalence relation 
x py if x and y have the same remainder on division by n, where 


(i) n=2 
(ii) n = 3 
(iii) n = 4. a 


* Sce the convention given on page 7 of Unit 2. 


Example 2 


Exercise 1 
(2 minutes) 


Solution 1 


(i) {4,6}, {3, 5} 
Gi) £3, 6}, {4 A 


19.2.2 The Natural Mapping 


Let us go back again for a moment to our librarian and his classification 
of books into three classes: Fiction, Non-fiction and Reference. When he 
decides to allocate a book to one of the three classes, he may well at the 
same time write an F, an N or an R on the spine of the book. He is thus, in 

" effect, establishing a mapping from the set of all the books in his library 
to the set of classes denoted by F, N and R. This mapping is a function 
because, as we have seen earlier, in order to determine the part of the 
library in which to locate any individual book, no book is allocated to 
more than one class; that is, the image of each book is a unique equivalence 
class. For example, we might have: 


Moby Dick —— F 
Treasure Island -— F 
Set Theory rN 


Cruden’s Concordance *—> R 
Biographical Dictionary -—> R 
etc. 


This is an example of a general situation of which the mathematical model 
is the mapping of the elements of a set A to the set of equivalence classes 
obtained from an equivalence relation on A. We call the set of equivalence 
classes the quotient set, and we denote it by 4/p (which we read as “A by 
p’’), where p represents the equivalence relation by means of which the 
classes are determined. 


The notation A/p may be a little worrying; it suggests a connection with 
division, as indeed does the word quotient. A/p stands for a set of subsets 
of A, so an element of A/p will be a subset of A, namely one of the equival- 
ence classes defined by p. However, we know that an equivalence relation 
partitions a set, and so we can think of p as ‘‘dividing up” the set into 
subsets. The process of assigning an element to its equivalence class 
specifies a mapping from the set A to the set A/p. Because we have a 
partition of A, each element of A has an image and the sets in A/p are non- 
overlapping, so the mapping is in fact a function. 


The natural mapping,* 
niAr— A/p, 


is the function which maps each element of a set A to its corresponding 
equivalence class under an equivalence relation p on A. 


However, once again we have a “chicken and egg” situation, since the 
whole problem may arise the other way round. We may start with a 
function: 


f:Ap—B 


in which case there is a natural equivalence relation on the domain A of 
f defined by 


xpyifand only if f(x) = f(y) (xvye A). 


* We call it the natural mapping, rather than the natural function, to fit in with standard 
terminology: many authors define a mapping to be the same as a function. 
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Solution | 


Definition i 


wee 


Definition 2 


Definition 3 


Example 1 
Consider the function 


fix x? (xe R). 


Here, each equivalence class, except that containing only the number zero, 
has exactly two elements, a pair of numbers of equal magnitude but of 
opposite sign. a 


Example 2 
Consider the function 


fix > sin x (xR). 


Here, each equivalence class contains an infinite number of elements, for 
example, the class of elements which map to zero under f is {0, 2, —z, 27, 
—2n,...}. a 


19.2.3. Combination of Equivalence Classes 


So far, we have discussed the partitioning of a set into equivalence classes, 
and the fact that such a partitioning leads to a particular mapping—the 
natural mapping. We shall now see that when a binary operation is 
defined on the set, it can sometimes be used to define an operation on the 
set of equivalence classes, a way of combining the classes themselves. 
The way we tackle the problem is to use the natural mapping, for we have 
already investigated the situations which arise when operations are defined 
on the domain of a mapping. We look to see if we get a morphism. 


Example 1 

First consider the set of integers, Z. This set may be partitioned into those 
integers which are odd and those which are even (0 is considered to be 
even). If we call these classes O and E respectively, then the natural mapping, 
n, is a many-one mapping from Z to {O, E}. 


For example 
n:l-—O0 
n:156-—- E 


Now we introduce an operation — let us take multiplication as an example. 
It is easy to check that n is a morphism for multiplication on the set of 
integers and. an operation (1 on the set {O, E} defined by the following 
table: 


O}O €E€ 
O,J|O E 
E|E £ 


This table simply expresses the fact that an odd number multiplied by an 
odd number is odd, and so on. It represents a way of combining the equival- 
ence classes. So we have used the operation x on Z to define a way of 
combining the classes themselves, and we shall be able to do this for any 
partitioning of a set S with an operation o, whenever the natural mapping is 
a morphism for . a 


Exercise | 

For the operation + we can also construct a table which defines an 
operation on {O,£} which makes the natural mapping a morphism. 
Construct this table. | 


Example f 


Example 2 


19.2.3 


Main Text 


Example 1 


Exercise 1 
(3 minutes) 


FM 19.2.3 


Solution 1 Solution 1 
O}O £E 
O|E O 
E|O E | 

In Unit 3, Operations and Morphisms we said that a mapping is a morphism Main Text 


for an operation » whenever the mapping and e are compatible. A mapping 
f. with domain A, and an operation o are compatible if, whenever 


S (1) = f(%2) 
and 
L1) = f(¥2) 
then 
S(X1 oi) = L(X2°Y2) (X15 X20 2 EA). 


The advantage of introducing this property is that it enables us to predict 
whether or not f is a morphism without having to find an operation in the 
codomain. 


In the context of equivalence relations, it enables us to predict whether or 
not we can use an operation to define a combination of equivalence classes. 


Of course, the natural mapping depends entirely on the equivalence 

relation, and so we extend the definition of the word compatibility and say 

that, when the natural mapping is a morphism for the operation , the 

equivalence relation and the operation © are compatible. The compatibility Definition # 
conditions can be expressed directly in terms of equivalence relations as - 
follows. 


Whenever 
Ni PX 
and 
PPV 2. 
then 
(Xpovy)piys¢ va) (Xy NaN yey AD 


This simply means that, if we combine an element x from a class X with 
an element y from a class Y, then the result belongs to the same class, Z 
say, (the class containing xe y) for all choices of xe X and ye Y. (For 
example, if x,,x2¢X and y,,y2¢€ Y, then x, ey, and x, y, both belong 
to Z.) 


In the “odds and evens” example the classes are 
{...,-6, —4,-2,0,2,.4,6,..}=£ 
and ; 
{...,-5,-3,-1,1,3,5,...} =0 


If we pick any number from E and multiply it by any number from O, 
we get a number in E£, and so the compatibility conditions are satisfied 
and we are able to say that, corresponding to multiplication, O combines 
with E to give E. 


The combination of equivalence classes which we obtain when the natural 
mapping is a morphism is defined as follows, where we denote the equival- 
ence class containing x by (v} and the operation in the domain is o: Notation I 


[x] Oily] = [xe y}. Definition 2 
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Since the operation [] is in a sense an “extension” of o, we usually use o 
to stand also for combination of classes, as in the following commutative 
diagram: 


(xy) —xey 


| 
ny n 


(XL. > [x] Ly] 
= [xe y] 
Example 2 
Consider the set of real numbers R in decimal form, and the equivalence 


relation on R expressed by: 


x is related to y if x = y when both are rounded to four significant 
figures. 


(We saw this example before on page 25.) 

For the purpose of illustration we choose the two equivalence classes 
Sy = (3.124, 3.1243, 3.1238,...}, 
S_ = {1.1604, 1.1597,...}. 

Consider the binary operation of addition. We have, for example, 
3.124 + 1.1604 = 4.2844 

which is rounded to 4.284. We also have 
3.124 + 1.1597 = 4.2837 


which is also rounded to 4.284. So far, it looks as though the “sum” of the 
classes S, and S, is the class containing 4.284. But is it the case that 
whatever pair of numbers we choose, one from each class, their sum when 
rounded will always be 4.284? If we choose 3.1243 from S, and 1.1604 
from S, we get 
3.1243 + 1.1604 = 4.2847, 

which does not belong to the class containing 4.284. The result depends on 
the representatives we choose for the classes, and so we cannot extend the 
operation + to the set of equivalence classes. The equivalence relation and 
the operation + are not compatible. [| 


Exercise 2 
(i) Consider the equivalence relation on the set of real numbers: 
x is related to yp if x? = y?. 

Is this relation compatible with 
(a) addition? 
(b) multiplication? 

(ii) Consider the equivalence relation on the set of all functions with 
domain and codomain R: 


J is related to g if f(0) = 9(0). 
Is this relation compatible with 
(a) addition of functions? 
(b) multiplication of functions? 
(iii) Consider the equivalence relation on the set of all polynomial 
functions: 


Sis related to g if f and g have the same derived function. 


Is this relation compatible with 
(a) addition of functions? 
(b) multiplication of functions? w 


Example 2 


Exercise 2 
(5 minutes) 
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Solution 2 Solution 2 


(i) (a) No. 
(b) Yes. 
You can get the answer to (a) by trying a few elements. The equivalence 
classes are {0}, {—1, 1}, {—2,2}, etc. —1 + 2 does not belong to the 
same class as 1 + 2. For (b), we can proceed algebraically as follows: 


If x, is related to x2, x? 


x 
If y, is related to y., yt = y3. 


We can deduce that (x,y,)? = (x2y2)?, and so (x,y,) is related to 


(x2y2). 
(ii) (a) Yes. 
(b) Yes. 

If 


S(0) = g(0) and h(0) = k(0), 


S(O) + h(0) = g(0) + k(0), 
(0) x h(O) = g(0) x (0). 
(iii) (a) Yes. If f’ = g’ and hh’ = k’, then 
(f+hy=f'+h' and (g +k)! =e +k, 
and so 


(f + hy = (g + ky. 
(b) No. For example, if 


fix-— x 
gixr— x42 


hixe— x 


kix-— x, 
then 
f'=g' and f'=k’. 
But 
Sf x hixt— x? 
and 
gx kixr-— x? + 2x 
and 
(f x hy # (g x ky. | 
We could, of course, start with a function and define the corresponding Discussion 


natural equivalence relation (see page 26). If the function is a morphism, say, 
(A, e)'—>(B, ()), then the natural equivalence relation (on A) and the 
operation e will be compatible. Let us look at an example to illustrate just 
what we mean. 


Example 3 Example 3 


Consider the set of differentiable real functions, and the function on that 
set 


Dif Pf’. 


We know from Unit 12, Differentiation I that D is a morphism for the 
binary operation of addition in the domain and codomain, and, since D 


30 


is many-one, it is a homomorphism. We have the following commutative 
diagram, starting with two elements f, g, of our set: 


ai —, Ste 
Di D 
{4+ 
(Df, Dg) ——— Df + Dg 


= D(f +g) 
Now, for example, 


x >x7 x +x? —~ 5, x >x? 4 2,...(xeER) 
all map to x-—> 2x, xe R, and 

XH 3x3, x 3x9 — 1, x 3x3 + 7,...(x ER) 
all map to x-—> 9x? (x ER). 


So our natural equivalence relation sorts 


xr x2 x >x? 5.x +x? +2,...(xER) 


into one equivalence class because they all have the same image, x 2x 
(xe R). 


Similarly, 
x4 3x9, x4 3x3 = 1, x 3x9 + 7... (x ER) 


all go into another equivalence class because they have the same image 
xt-—> 9x? (x ER). 


Since the function D is a morphism for addition, the binary operation + 
and the natural equivalence relation 


Seg if and only if Df = Dg 


are compatible, just as + and D are compatible. Thus if we take any two 
natural equivalence classes and combine any element of one with any 
element of the other, we shall always finish with an element of some specific 
class, For example, the functions 


(x 3x3 + x?) = (xt 3x3) + (x x2)(x E R) 
(xh 3x? 4 x? — 5) = (xt 3x3) + (x x? — 5) (x R) 
(xt 3x3 — 1 + x? — 5) 

= (x 3x3 — 1) + (xe—> x? — 5) (xe R) 


all belong to the equivalence class of elements which map under D to 
x-— 9x? 4. 2x (x ER). | 
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19.2.4 Summary 


In this section we began by demonstrating that when we partitiona set A 
we define an equivalence relation on 4:x py if x and y belong to the same 
subset of the partition. Conversely, an equivalence relation partitions a 
set into non-overlapping subsets, which we call equivalence cl isses. 


We then defined the natural mapping as the function which maps each 
element to its corresponding equivalence class. 


Finally, we considered a binary operation on the set A and its compatibility 
with the natural mapping, and we saw that when the binary operation 
and the natural mapping are compatible, then we can extend the binary 
operation to combine equivalence classes. 


19.3 ORDER RELATIONS 


19.3.0 Introduction 


When we considered how a librarian might sort and order the books in 
his library, we decided to simplify the problem by excluding the possibility 
of duplicate copies. Once we had decided on an agreed overall order of the 
general classes (Fiction, Non-fiction and Reference) into which the books 
were sorted, and on an agreed order within each class, we could then pick 
up any two of the books in the library and determine which “‘came first” 
on the shelves. However, without an agreed ordering of the classes, it 
was possible to pick up two books at random and not find the ordering 
question meaningful, as in the case of Oliver Twist and A History of Europe. 
There is thus a difference between the two situations, which we should 
expect to see reflected in the corresponding mathematical models. This 
difference is between total ordering and partial ordering. 


We can think, if we like, of total ordering as being a stronger property than 
partial ordering because it orders the whole svt, Partial ordering is weaker 
in the sense that it orders elements within one or more subsets of the set 
(which need not be disjoint, as they are in the library example). In the 
library example, when the three general classes themselves are not 
ordered, these subsets are the classes: Fiction, Non-fiction, Reference. 
Within each subset we have a defined order for any pair of books, but 
there is no such order for two books from different classes. Any total 
ordering is also a partial ordering and so we shall, in general, investigate 
partial ordering, which we shall often refer to just as ordering, 


We saw earlier that the reflexive, anti-symmetric and transitive properties 
are the properties which enable us to order a set; we shall discuss these 
properties in this section. 


We remind you that a relation p on a set S is 
reflexive ifapaforallaeS, 

anti-symmetric if whenever ap b and b pathena = b 
and transitive if whenever a p b and b pc then ape. 


The most familiar relation having these properties is the inequality 
relation < ona set of real numbers. 
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19.3.0 


Introduction 


19.3.1 Ordering 


We begin by looking at some ordering relations. 


Example ] 


Consider the set ofall the subsets of a given set, V, and the inclusion relation 
on V expressed in terms of &, ie. A S B means that A is a subset of B. 
We have: 


ASA forall AeV (reflexive) 
A = Bwhenever A © Band B ¢ A (anti-symmetric) 
A&C whenever A © Band B & C (transitive) 


for A, B,CeV. a 


Example 2 


Consider the set, H, of all human beings, living or dead, and the relation- 
ship 


x py if x and y are the same person or if x is a direct descendant 
of y. 
We have: 


xpxforallxeH (reflexive) 
x = y whenever x p y and y p x (anti-symmetric) 
xpzwheneverxpyand ypz (transitive) 


for x,y, z€H. a 
In both these examples, the relation has the reflexive, anti-symmetric and 


transitive properties. A relation on a set A which is reflexive, anti-sym- 
metric and transitive is a partial ordering relation on A. 


A partial ordering relation p on a set A such that for all x, ye A, x # y, 
either x p y or y px is called a total ordering relation on A. 


In accordance with common terminology, we shall adopt the symbol < 
in place of p when p is an order relation. Similarly, we shall use the symbol 
~< to denote the relation x < y ifx < yand x # y. 


When a set has an order relation defined on it, we call it an ordered set. 


We can represent ordered sets by diagrams known as Hasse diagrams, 
some examples of which are given below. 


Example 3 


This could represent the set of integers {1, 2.4, 8} together with < inter- 
preted as ‘‘is a factor of”. a 
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Example 1 


Example 2 


Definition 1 
ane 


Notation 1 


Definition 2 


Example 3 


Example 4 


AvBuC 
AuB BuC 
XX. 
@ 


This could represent disjoint sets, @, A, B, C, combined under the binary 
operation of union (as shown) to form the set {@, A, B,C, AU B, AUC, 
BUC,AUBU Ct, with < interpreted as ‘tis a subset of”. 


(Remember that we consider the empty set @ to be a subset of every 
set.) | 


These diagrams are an attempt to show pictorially some of the ideas we 
have been discussing. The ordering of the sets is illustrated by the vertical 
status of the elements; thus, in Example 4, the subset {AU BUC, @, 
B, BUC} is ordered into @ —-B-BUC—AUBUC., The subset 
{A u B, Bu C} is not ordered. 


We can see from the diagram in Example 3 that the whole set is ordered— 
there is a link between every pair of elements. On the other hand, Example 4 
is an example of partial ordering—there is not a link between every pair 
of elements. Notice that we do not have to put in all the direct links (i.e. 
Hasse diagrams are not the same as the diagrams we encountered pre- 
viously in this text, where we joined each pair of related elements). We 
can see that A is a subset of AU BUC because it is linked via A u B. 


Exercise | 


Check that the following cases give examples of ordered sets, and draw 
the corresponding Hasse diagrams. 


(i) The set {Oxford, Birmingham, London, Manchester, Exeter, Glasgow}, 
with the relation ‘does not lie to the south of”. 


(ii) 


The set of pairs of points from the set {P,Q, R, S} of four points on a 
straight line as in the diagram, with the relation (x, y) < (w, z) if the 
interval xy is contained in or equal to the interval wz, where x, y, w, z 
represent P, Q, R, S in some order. 


For example, the interval QR is inside the interval PS, so that 
(Q, R) <(P,S); but (P, R) = (Q, R), because the interval PR is not 
included in the interval QR. a 
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Example 4 


Discussion 


Exercise 1 
(3 minutes) 


In Unit 2 we defined the absolute error bound to be the maximum possible 
value of the magnitude of the absolute error. That is, if x is a number 
which is an estimate of the exact number X, and the absolute error bound 
is ¢, then we have 


|X —x| <e 


—e<X—-—x€e 
so 
x-e<gX <€x+eE 


We also used the concept of a bound when discussing the general Taylor 
approximation in Unit 14. 


We can now extend the definition of a bound and define bounds of a subset 
of a partially or totally ordered set. 


An upper bound of a subset S of an ordered set P is any clement u of P 
for which a < u for all elements ae S. 


We can define a lower bound similarly. 


A lower bound of a subset S of an ordered set P is any element ! of P for 
which | < a for all elements ae S. 


Notice that the upper and lower bounds must belong to the ordered set P 
under consideration, but not necessarily to the subset S in question. 


Upper and lower bounds need not be unique. Thus, referring again to the 
diagram of Example 4, and considering the subset {@, B, C}, we see that 
both BUC and AU BUC are upper bounds of this subset. On the 
other hand, when we look for lower bounds of the same subset, we find 
that there is only one, namely @. 


This happens to be the case here, because @ is the “lowest” element of P. 
Were there any element ‘“‘below” @, this would also be a lower bound of 
{@, B, C}. For example, the subset {4 U B, B u C, B}, has lower bounds B 
and @. 


Example 5 


f g 


Here, for the subset {b, c, d, e}, a is the only upper bound, but each of e, fg 
is a lower bound of the subset. If, however, we consider the set of all lower 
bounds of {b, c, d, e}, namely {e, f, g}, we see that one element is “higher” 
in the diagram than the rest, in this case e. 


We call e the greatest lower bound of {b, c, d, e}. | 


An element |, ¢ P is the greatest lower bound of a subset S$ of an ordered 
set P, if J, isa lower bound of S and | < |, for every lower bound | of S. 
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Definition 4 


Definition S 


Example 5 


Definition 6 


(continued on page 36) 


Solution | 
(i) 


Exeter 
London 
Oxford 
Birmingham 
Manchester 


Glasgow | 


i) 


(P,S) 


(P,R) (a,s) 


(PQ) (Q,R) — (R,S) 


This is an example of partial ordering, as opposed to total ordering, 
because there is no link, for instance, between (P, R) and (Q, S). i | 


(continued from page 35) 


In a similar manner, we can define the least upper bound of a subset of an 
ordered set. 


An element 1,¢ P is the least upper bound of a subset S$ of an ordered 
set P, if u, is an upper bound of S and u, < uv for every upper bound u of S. 


Looking back to Example 5, we see, for example, that the least upper bound 
of {b, c,e,f} is a, the least upper bound of {b, e,f} is b, and the greatest 
lower bound of {a, b, c,d} is e. 


It is important to note that the least upper bound and greatest lower bound 
may not exist for some subsets of a given partially ordered set. When they 
exist however, both the greatest lower bound and the least upper bound 
of a given subset are unique. (See Exercise 2.) 


Exercise 2 


(i) Consider the set {1,1+3,14+3+4,1+4+444,...} considered 
as a subset of the reals with the relation < as <. What is the greatest 
lower bound and what is the least upper bound? 
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Definition 7 


Exercise 2 
(3 minutes) 
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(ii) By writing down the missing symbols and words, complete the follow- 
ing proof that, when it exists, the greatest lower bound is unique. 
Suppose u, and u, are two greatest lower bounds and Uy # Ug. 
Then u, is necessarily a lower bound, and so, since u, is a greatest 


lower bound, 

U2 uy. (1) 
Also u, is necessarily a lower bound, and so, since u, is a greatest lower 
bound, 

u, Uy. (2) 
Since < is a partial ordering relation, statements (1) and (2) together 
imply that 

uy Uy 


which contradicts our original assumption. This is an example of 


proof by | 


We shall end this sub-section with a further example. 


Example 6 Example 6 


Consider the general Venn diagram for two sets A and B: 


We can obtain an interesting set of sets by starting with the empty set, @, 
then taking the four basic regions of the Venn diagram one at a time, two 
at a time, three at a time, and finally four at a time (giving us the universal 
set U). We obtain the set of subsets: 


{S, 

A’ BA BY A'OB,ANB, 

B’,A',(A'O BU (A 7 B),(4’ 0 B)U(A0 B), A,B, 
A’U BAU BAU B,AUB, 

U} 


For the relation of set inclusion, <, the Hasse diagram is: 


&é ‘, inued 
(ANB) U(AnB) a] (AB) U(AnB’) (continued on page 38) 
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Solution 2 


(i) The greatest lower bound is 1. The least upper bound is 2. 


(ii) x 


contradiction 2 


(continued fron page 37) 


(You may be interested in the fact that this is what a “four-dimensional 
cube” would look like projected on to a plane, just as Example 4 shows 
such a projection of an ordinary three-dimensional cube.) 


Let us now look for greatest lower bounds and least upper bounds for 
some sets of subsets. We have, for example, 


gb. fA' AB. ANB A A BY =B 

glib. {4 U BY A’ U BY = (A'9 BU (AN B) 
lub. {@, Ao a B.A B, B\=B 

Lu.b. {4, B, A'} = U 

av Stes, 


where g.l.b. and |.u.b. denote greatest lower bound and least upper bound 
respectively. 


If you look at these examples again, you will see that the g.l.b. is simply 
the intersection of all the sets in the chosen set of subsets, and the l.u.b. is 
simply the union of all the sets in the chosen set of subsets. a 


In Example 6, we have shown that a very important connection exists 
between {].u.b., g.l.b.} and {union, intersection}. In this particular example, 
you may have realized that we would necessarily have been able to deter- 
mine the least upper bound and the greatest lower bound no matter what 
subset of the ordered set we chose to investigate. 


An ordered set like this, for which every subset composed of two elements 
has a g.l.b. and Lu.b., is called a lattice, and the theory of lattices is itself 
a topic in its own right within mathematics. 


19.3.2 Summary 
We summarize what we have covered in this section. 


First, we defined the term ordering and gave a useful way of representing 
such a relation on a set—the Hasse diagram. We then defined a total 
ordering relation and a partial ordering relation. We defined a lower bound 
and an upper bound of a subset of an ordered set, and found that a subset 
may have more than one of each of these. It may have a greatest lower 
bound and a least upper bound, and if it does, each is unique. 


We have come a long way from our young child sorting and ordering his 
cubes, and from our librarian organizing the books in his library. 


There are many subjects belonging to the more recently discovered areas 
of mathematics, which have their beginnings in the work we have con- 
sidered in this text. 
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